A general dispersion-dissipation condition for finite difference schemes is derived by analyzing the numerical dispersion and dissipation of explicit finite-difference schemes. The proper dissipation required to damp spurious high-wavenumber waves in the solution is determined from a physically 
Introduction
The capability of a discretization scheme for the Euler and Navier-Stokes equations to resolve small-scale wave-like solutions as well as being shockcapturing is a long-standing problem for compressible turbulent flows. Adams and Shariff [1] have proposed a coupling of high-resolution shock-capturing schemes with spectral-like compact finite-differences. Unlike with their original formulation [10] it was necessary, however, to introduce some amount of dissipation at large wavenumbers by an upwind formulation of these compact schemes. Later, Pirozzoli [13] pointed out that a certain amount of dissipation is desirable to damp high-wavenumber waves with incorrect propagation speed. The problem, however, is to determine how much dissipation is sufficient to eliminate spurious high-wavenumber waves, without deteriorating the physically relevant resolved wavenumber range.
It is a well-established fact [18] that the dispersive errors of finite-difference schemes are maximum near the Nyquist cut-off wavenumber, so that marginally resolved waves can spread throughout the domain and can cause non-linear instability or unphysical solutions. While current research, e.g. [16] , focuses on controlling the necessary amount of dissipation, the link between dispersion and dissipation so far has not been established in terms of a quantitative criterion.
Since the pioneering work of Tam and Webb [17] on computational aeroacoustics, spectral analysis [18] has been widely applied to the design of high-order numerical schemes, which are especially important for numerical simulations of turbulent flows, where the accurate resolution of small scales in both amplitude and phase is crucial [20, 19, 15, 9, 12] . A spectral analysis of finite-difference schemes shows that numerical dispersion and dissipation errors are related to the propagation of simple waves. While this spectral analysis is applicable to linear schemes, Pirozzoli [14] developed a generalized spectral analysis for non-linear finite-difference schemes, such as shock-capturing schemes. Additionally, Sun et al. [16] recently showed that dispersion and dissipation of a class of explicit linear schemes to some extent can be controlled independently.
The objective of the present work is to show that the proper dissipation of a numerical scheme can be determined from a dispersion-dissipation condition. For demonstration, we apply this condition to diminish spurious waves produced by our previously developed WENO-CU6-M2 scheme [7] . Two straightforward modifications of the algorithm are proposed and verified by numerical examples.
Dispersion-dissipation condition
The fundamental concept of a dispersion-dissipation condition can be developed from the one-dimensional linear advection equation
with an initial condition consisting of a monochromatic sinusoidal wave u(x, t = 0) = e iξx with wavenumber ξ and unit amplitude, and c as the advection velocity [18] . Eq. (1) is discretized in the spatial domain such that x j = jh, j = 0, ..., N, where h is the constant grid spacing, and u j = u(x j ) is the corresponding grid function. The semi-discretized form by the method of lines yields a system of ordinary differential equations
where u ′ j is a finite-difference approximation of the first spatial derivative at
a l are the coefficients of the scheme that satisfy the appropriate consistency conditions. Using the linear scheme in Eq. (3) the analytical solution of
is the modified wavenumber.
Upon comparing Eq. (4) with the exact solution of Eq.
it is easy to see that the finite-difference approximation Eq. The velocity of a wave packet centered at wavenumber ξ is given by the [18, 4] . Spurious behavior is generated as the wave packet is transported with a velocity that differs from the exact phase velocity by |∆c| = |V − c|. The central assumption for the dispersion-dissipation condition proposed in this paper is now to require that the characteristic time scale of advection of a spurious wave rh/|∆c| is of the same order of magnitude as the characteristic decay time scale
where r ≥ 0 is a parameter. This condition implies that the characteristic distance a spurious wave can travel away from the exactly advected wave is on the order of r times the grid spacing h. Under this condition one derives from Eq. (7) that
Eq. (8) is the formal expression of the dispersion-dissipation condition. If the discretization scheme is such that r is large the solution can be contaminated by spurious waves that travel significant distances away from the exactly advected wave. If, on the other hand, r is small the solution may be free of spurious waves, but the dissipative error is larger than necessary and can affect the resolved scales. An optimal condition determined by r ensures a resaonable balance between dispersion and dissipation of spurious wave components.
Although the dispersion-dissipation condition has been motivated by the scalar advection equation and linear finite-difference schemes for the spatial derivatives, we show in the following section how the condition can be applied to more general, non-linear schemes, and demonstrate the feasability of the approach for increasingly complex applications.
Applications
With the help of Eq. (8) it can be assessed whether a given finite-difference scheme is prone to produce spurious waves. Moreover, the coefficients of linear schemes can be adjusted such that the dispersion-dissipation condition is satisfied.
Linear schemes
For the explicit linear scheme in Eq. (3) the condition Eq. (8) gives
where ε = 10 −3 to prevent division by zero. Fig. 1 shows the spectral properties of two typical linear schemes, a 6th-order central scheme on a 7-point stencil with a l = {− 1 60
, 1 20 , − 9 12 , 0, 9 12 , − 1 20
} and a 5th-order upwind scheme on a 6-point stencil with a l = {− 1 30
, 1 4 , −1,
}. They have the same numerical dispersion, while the central scheme is non-dissipative and the upwind scheme has substantial numerical dissipation. As shown in Fig. 1(b) , the dispersion-dissipation ratio of the central scheme becomes very large for ξh ≈ 0.8, which suggests that spurious waves beyond this normalized wavenumber can contaminate the solution. On the other hand, the maximum dispersion-dissipation ratio of the upwind scheme is r = 3 which indicates that the numerical dissipation is sufficient to suppress spurious waves. These properties can be observed from the results of the advection of a segment of a sine wave, see Fig. 2 . Note that the spurious waves generated by the 6th-order central scheme spread throughout the entire domain, whereas for the 5th-order upwind scheme spurious waves are rapidly damped. 
Non-linear schemes
For non-linear schemes the modified wavenumber Eq. (5) can be estimated numerically through the approximate dispersion relation (ADR) of
Pirozzoli [14] . ADR still allows the dispersion-dissipation condition to be defined by Eq. (8) . As an example, we consider the WENO-CU6-M2 scheme [7] , which is an adaptive central-upwind WENO scheme with 6th-order accuracy for smooth solutions. By a non-linear adaptive weighting procedure the scheme recovers either the optimal 6th-order central scheme in smooth flow regions, or a 3rd-order upwind approximation when discontinuities are detected by the smoothness measure. The non-linear weights are given by
where d r = {0.05, 0.45, 0.45, 0.05} are the optimal weights yielding a 6th-order linear central scheme. q = 4 is an integer parameter, C q = 10 3 is a positive constant parameter and ε = 1/χ = 10 −8 . For the WENO methodology and the details of computing β 3,r , β 3,ave and τ 6 , the reader is referred to [8, 7] .
As shown in Fig. 3(a) , the modified wavenumber of WENO-CU6-M2 is very close to that of the 6th-order linear central scheme up to ξh ≈ π/2.
Since WENO-CU6-M2 produces dispersive errors for ξh 1 but only weak dissipation, the dispersion-dissipation condition in Eq. (8) is not satisfied in the wavenumber range from 1.1 ξh ≤ π/2, and reaches its maximum value of r ≈ 100 at ξh ≈ 1.302, as shown in Fig. 3(b) . Therefore, WENO-CU6-M2
is prone to produce spurious waves in the considered wavenumber range.
In analogy with linear schemes, WENO-CU6-M2 can be improved by changing the dispersion-dissipation property of the underlying optimal linear scheme. Instead of the 6th-order central scheme an optimized 5th-order linear Fig. 3 , the modified scheme achieves both considerable improvement in dispersion, and satisfies r < 10 throughout the entire wavenumber range.
Validation of the optimized WENO-CU6-M2 scheme
First, two simple numerical examples are given to illustrate that spurious waves can be produced by WENO-CU6-M2, and that such waves can be reduced by the proposed modifications. One example is the Sod shock tube problem, the other one is the two-blast-wave interaction problem which is taken from Woodward and Colella [3] . The reference solutions for these problems are obtained on a high-resolution grid with 3200 points using the WENO-5 scheme [8] . All the computations are run at a CFL number of 0.6. 
Concluding remarks
We have derived a dispersion-dissipation condition which determines the minimum numerical dissipation that a finite-difference scheme should possess 
